Trigonometry Review Workshop 1

Definitions: Let P(x,y) be any point (not the origin) on the terminal side of an angle with measure g and
let r be the distance from the origin to P. Then the six trig functions are defined as follows:
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Measuring Angles

There are 3600 in a circle and 2p radians. They are marked off on the circle below:
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3p/4, 135
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5p/4, 225 ° 7pl4, 315 ©

4p/3, 240° o 5p/3, 300°
3p/2, 270

To convert from degrees to radians (and vice versa) we use the fact that 1800 = p radians.



Example: Convert 360 to radians.

2
Using the ratio ﬁ we find that 360 = 360 £ . '1% =1g- radians

1800

Reference Angles The angle formed by the terminal side of the angle and the x-axis is called the reference
angle. The six trig functions of any angle are determined by it's reference angle and the quadrant it is in.
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R=1800-¢ R= g- 1800 R=3600-¢
The signs of the three major trig functions are determined by the quadrant as follows:

Quadrant I: All are positive
Quadrant Il: Sine is positive
Quadrant I11: Tangent is positive
Quadrant IV: Cosine is positive

This can be remembered by the pneumonic device All Students Take Calculus. Since
1 . . . .
cscq = m , Sine and cosecant always have the same sign. The is true of Cosine, Secant, and Tangent,
Cotangent as well.
Special Triangles: We can use the ratios of some common triangles, along with the definitions of the trig.

functions to determine the trig functions of some special angles. Using the two triangles below we see
that:
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and similarly for 600. This is left as an exercise.

Practice Exercises #1

1. Find the six trig functions of 600,
2. Find the six trig functions for each of the following angles as shown:
a. b.
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3. Find the six trig functions of each of the following angles:
a. 1359

5
b. 7

. : 1 . . .
4. Given that sinq = - > and q is in quadrant 1V, find the cosine and tangent of g.

5. Convert 1249 into radians.

y
6. Convert-8|{2 radians into degrees.



Trigonometry Review Workshop 2

Last time we saw the definitions of the six trig. functions and evaluated them for some special angles.
There are a few more "nice" angles which we will discuss here.

Another way to define the functions sing and cosq is as follows. If we look at the unit circle below,

(0,1)
x.y)
1
(-1,0) q (1,0)
(0,-1)

and let (x,y) be any point on the circle, then and cosg=x, and sinq=y. To see this simply examine the
triangle above and use the previous definitions of these functions.

Thus to find the sines and cosines of angles we only need to find the x and y components of the point on
the unit circle that corresponds to that angle. Hence we see that:

cos00 = 1 c0s 900 =0 c0s 1800 =-1 c0s 2700=0
sin00= 0 sin 900 =1 sin 1800 =0 sin2700=-1

Since we know the sines and cosines for these angles we can find values for the other six trig functions:
Fill in these for 00 and 900 below:

tan 00 = tan 900 =
cot 00 = cot 900 =
sec 00 = sec 900 =
csc 00 = csc 900 =

At this point you should be able to calculate the trig functions of all angles with reference angles of 300,

459,600, as well as all multiples of 90°. For other angle it will be necessary to use a calculator. Don't
forget to put your calculator in the appropriate mode (either degrees or radians) depending on which you
are using.



Trigonometric ldentities:

The following are some of the major trig identities which you will need to know. This list is NOT a
complete list of all trig identities, simply the important ones.

Pythagorean lIdentities:

sin2q + cos2q =1

1+ cot?q =csc2q (Note that the last two can be derived from the first by
tan2q + 1 = sec?q dividing by either sin2q or cos2q)

Addition formulas:
sin(AxB) = sinAcosB * cosAsinB (Note that for the cosine addition formula
cos(A+B) = cosAcosB - sinAsinB the +/- are reversed)

If we let A=B in the above formulas and choose the "+" we get the

Double Angle Identities:
sin(2A) = 2sinAcosA
cos(2A) = cos2A - sin2A

In addition we have the following laws which apply to triangles:

A
Law of Cosines:
a2 = b2+ ¢2 -2bc cosA C
b
Law of Sines: B
sinA  sinB  sinC \
= = a C
a b c
Practice Exercises #2:
1. Find all sides and angles in the following triangles:
a. b.
4 120 a
10
b
30° b
] C

2. If sin(A) = 1/3 and A is in quadrant Il, find: (a) sin(2A); (b) cos(2A); (c) tan(2A)

: . 3 , .
3. Solve for all values of O x £ 2p that satisfy: (a) sinx = B (b) 2cosx sinx = sinx

4. Verify the identity sin2q + cos2q = 1 for g=120°.
5. Find the six trig functions of 18¢°
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Thistime wewill look at the graphs of y = sin(x) and y = cos(x), aswell as some variations.

Recall last time we defined the functions sing and cosg isasfollows. If welook at the unit circle below,
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and let (x,y) be any point on the circle, then and cosg=x, and sing =y. Notice that as we move around the
circley = sin(x), which measures the y value of the point startsat 0 and increasesto 1 at x = p/2. Cosine
however, which measures the x value of the point startsat 1 then decreasesto O at x = p/2. They are both
described in the tables below:

X y = sin(x) y = c0os(x)
0 0 1
p/2 1 0
p 0 -1
3p/2 -1 0
2p 0 1

Thus we have the following graphs of y = sin(x), and y = cos (x) respectively:
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AN AN

y =sin(x) y =cos(X)

Now what happens if we change things abit? For example, let'slook at the graph of
y =24¢n(x). If we complete the chart as we did above we have:



X Yy = sin(x) y = 2sin(x)
0 0 0
p/2 1 2
p 0 0
3p/2 1 -2
2p 0 0

and the graph:
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The graph has effectively been stretched vertically. This stretch changes the aplitude of the graph.
The Amplitude of y = Asin(x) is|A|.

Now let's consider that graph of y = sin(2x). Notice that this differs from the above function in that the 2 is
inside that sine (not outside).

X 2X y = sin(2x)
0 0 0

p/4 p/2 1

p/2 p 0

3p/4 3p/2 -1
p 2p 0

Notice that the graph has been "shrunk™ horizontally by 1/2. This changes the period of the function (or

¥

the distance before the function begins repeating itself).




In general the period of y = sin(Bx) is2p / B.

Consider the graph of y = sin(x)+1. Notice that we are smply adding one to the y-value for each x-value.
This has the effect of shifting the graph vertically by one:
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Asour last example consider the function y = cos(x - p/2). Since we are subtracting from the x-vaue (not
the y-value) thiswill shift the graph horizontally. Although it might seem reasonable to expect a shift to the
left, the graph will be shifted to theright. The easiest way to determine the shift isto set the angle of the
funtion to zero. In this case that means setting x- p/2 = 0 and so x = p/2. Thusthe shift isto theright by a
positive p/2, and we have the graph:
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Pr actice Excer cises #3:

1. Find the period of each of the following: (&) y=sin(5x) (b) y=cos(x/2) (c) y=sn(px)

2. Graph each of the following on a seperate axis.
(@ y=2sin(4x); (b) y=cos(2px)+1; (c) y=3sin(x+p)

3. Find an example of a sine function which has an amplitude of 3, period of 5p and passes through the
point (0,4)
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In this workshop we will continue to discuss solving trigonometric equations and further identites.
Example: Solvesin’ x = 1 for al 0£ x < 2p.

Solution: This problem is very similar to solving the equation y?=1 and should be thought of as similar.
There are two ways to approach solving it. Oneisto take the square root of both sides. The other isto put
everything on one side and factor. The latter provides amore general way so that is the approach that will
be taken here.
sn’x = 1
sin’x-1=0
(sinx +1)(sinx-1) = 0.

Hencewe have sin x = 1 or sin x = 1. Recall that the sine represents the vertical distance on the unit circle.
By examining the unit circlewe seethat sin x = 1 when x = p/2 and sin x = -1 when

x = 3p/2radians. Hence, the solutions set is{p/2,3p2}. Noticethat we do not include 2p, sinceitisnotin
theinterval 0 £ x < 2p.

Example: Solve cos2x =1, where 0 £ x < 2p.

There are several waysto approach this problem. One possible way would be to use the double angle
formulafor cosine. Let's solve the problem this way, then consider a different approach.

cos2x = 1
cosx —sin’x = 1
(1-sin®’x) —sin’x = 1
1-2sin’x = 1
—259n’x = 0
sn’x =0
snx = 0.

Sincesinx=0atx=0and x =p, our solution setis{0, p}.

Thereis, however, another approach to this problem. Since 2x isthe angle, let's solve for 2x first. Notice
that cos 2x has a period of 2p. Hence, to any solution we obtain, we can add the period of this

function and thiswill give us another solution. In solving cos 2x = 1 notice that thereis only one place
wherethe cosineis zero and that is at O radians. Hence, 2x=0, and thusx=0. Adding one period to this
answer gives asecond answer O+ p = p. Hence the solutionsare x = 0 and x = p radians. Notice that if we
add p againweget p + p = 2p, which is outside the range of answerswe want. The solution set

{0, p} iscomplete. Notice that this agrees with the answer above.

Example: Solvesin® 3x =1for 0 £ x < 2p.
Solution: First take the square root of both sidesto obtain sin3x =+1. Thatis,
sin3x =1, or sin3x = —1.
Thesing=1atq=p/2andthesing=-1at g = 3p/2. Hencewe have
3x =p/2, and 3x = 3p/2, or
X =pl6, and x =p/2.
Again, thisis not acomplete set of solutions. The period of sin 3x is2p/3 and this needs to be added to
each solution until the values exceed 2p. Hence another solution is p/6+2p/3 = 5p/6. Continuing this
process, we obtain the compl ete set of solutions:

xI { p/6, p/2, 5p/6, 7p/6, 3p/2, 11p/6}.



More |l dentities

Trig identities play an important part in calculus. Being ableto identify the major ones, especially the
double angle formulas and the famous sin’x + cos?x=1 is very important. There are, however, many

other useful identities which can be proven using definitions and existing identities. For example, it can be
shown that cos2x + 2sin’x = 1.

To show this, start with one side and try to reduce it to the other. For this example (and in generd) it is
generally easier to start with the more difficult side and try to smplify it. Start by using the double angle
formulafor cosine:
COS2X + 2sin®x = (COS*X-Sin’X)+2sin’x ,
= coS’X + (= sin®x + 2sin®x) ,
= COSs’X + Sin’X ,
= 1.

Example: Prove the identity (sec x)(cot X)(csc X) = CSC?X.

Solution: Beginning with the left hand side, and using the basic definitions of the trig functions we find:

e 1l gaeosxpge 1 g
sec x)(cot X)(csc X) = - — =
( X X ) €cosxP€sinx ®sinx?

1 2
=——— = CC" X.
sin®x

Practice Excercises #4:

1. Solve each of the following trigonometric equations:

(@ sin(2x) =12 (b) sec® (3x)=2

(c) cox +sinx=1 (d) tan (4x) = /3

2. Verify each of the following identities:

(@ (sinx) (secx) =tanx (b) (tan x)(sin 2x) = 2 sin’x

tanx _ secx

= = (d) cos'x —sin’x = 1-2sin’x.
1- cox sginx

(©)




Solutions to Problem Set #1: 1. sin60° = \/75 , sec 609 = 2, cos 600 = % , CsC 600 = Z , cot 600 = L , tan
V3 V3
6002\/5 2. (a) sinq:\/TZ_l,cscq:L,cosqzé,secq:g,tanq:\/%,cotq:L,
Va1 V21
1 NS 5 V26 1 . 2
(b) sing= cscg=-V26,cosq= , SeCq="z— ,tangq=—=,cotg=-5 3. sin(135) =—, csc(135)
V25’ N 2

=42, cos(135) = - % , sec(135) = - Ji , tan(135) = -1, cot(135) = -1; sin(5p/6) = 1/2, sec(5p/6) = 2, cos(5p/6) =

tanq = - L 5 1240-=

~J31 2, sec(5p/6) = -2/ 3, tan (5p/6) = - 1/ /3, cot(5p/6) =—/3 4. cosq = \Lé 7
3

2

37159 radians, 6. %E radians = 157.5 0

Solutions to Problem Set #2:

(1) (@ a=b=5/2,=45° (b)a=4,b=30°, c=43
4J_ 7 INZ

@ @ — (b) 5 (c) -
®) (a)x—B—IO byx =02 p. 2
3 3 33
(4 SII’I2120 +005212O— (‘/_ 2 + (- })2 =:—3+_1 =1
2’ T4 4
(5) sin(280°) = 0, cos(180°) = - 1, tan(180°) =

csc(180°) is undefined, sec(180°) = - 1, cot(180°) is undefined.

Solutions to Problem Set #3:

1. (@ 2p/5, (b) 4p, (c) 2
2.

@ (b) (©

-3

a2
3. y= 3SIn\—XO+4
€5 @

Solutions to Problem Set #4 1. (a) x =p/12, 5p/12, 13p/12, 17p/12 (b) x = p/12, 3p/12, 5p/12, 7p/12,
9p/12, 11p/12, 13p/12, 13p/12, 15p/12, 17p/12, 19p/12, 21p/12, 23p/12. (c) x =0, p/2, p (d) x = p/3, 5p/6, 4p/3,
11p/6




